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A solution to the SU(n) external state labelling problem based
upon a U(n —1, n—1) group: II. Recursion relations for the
SU(2) and SU(3) Wigner coefficients

C Quesneft

Physique Théorique et Mathématique CP 229, Université Libre de Bruxelles, Bd du
Triomphe, B 1050 Brussels, Belgium

Received 12 September 1986

Abstract. The new solution to the SU(n) external state labelling problem, proposed in the
first paper of this series, is analysed in detail in the SU(3) case in terms of the two
complementary chains U(3) x U{3) 2 U(3) and U(2, 2) 2 U(2)} x U(2). The classification of
SU(3) coupled states is completed by the labels of an intermediate U(2) irreducible
representation h* = [ h{h3], directly related to King's branching rule for U(3) x U(3) = U(3).
For pedagogical purposes, the SU(2) coupled state construction, based upon the com-
plementary chains U(2)xU(2) 2 U(2) and U(1, 1} > U(1) x U(1), is considered first. For
both SU(2) and SU(3), it is proved that, in addition to the standard recursion relations,
the corresponding Wigner coefficients satisfy recursion relations of a different type, arising
from the action of the U(1,1) or U(2,2) complementary group generators. A detailed
example shows that such complementary recursion relations are quite useful for numerical
purposes.

1. Introduction

The purpose of this series of papers is to present a new solution to the SU(n) external
state labelling problem or, equivalently, to the internal state labelling problem for the
chain U(n)x U(n) > U(n) when (n—1)-row U(n) irreducible representations (irreps)
are considered. Such a solution is based upon the complementarity relationship
(Moshinsky and Quesne 1970, Howe 1979) between the chains U(n)x U(n) 2 U(n)
and U(n-1,n-1)=>U(n~-1)xU(n—-1) (Kashiwara and Vergne 1978, King and
Wybourne 1985, Quesne 1986b).

The first paper in this series (hereafter referred to as I and whose equations will
be subsequently quoted by their number preceded by 1) was devoted to a presentation
of the general solution and to the demonstration of its interesting group theoretical
properties (Quesne 1987a). It indeed directly reflects the operation of King’s U(n) X
U(n) = U(n) branching rule (1970, 1971), which is just a reformulation of the well
known Littlewood-Richardson rule (1934), valid for mixed U(n) irreps (Flores 1967,
Flores and Moshinsky 1967, King 1970).

Since the proposed solution uses SU(n —1) Wigner coefficients, it is based upon a
recursive procedure. Hence, the first step in an explicit state construction is a detailed
study of the SU(3) case, for which the complementary chains are U(3) x U(3) 2 U(3)
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and U(2,2)>U(2)x U(2). Such is the purpose of the present paper. Since much
insight can be gained by first considering the complementary chains U(2) x U(2) > U(2)
and U(1, 1) 2 U(1) x U(1), for which there is no missing label, we shall actually begin
with a review of the SU(2) state construction. For both SU(2) and SU(3), we shall
prove that in addition to the standard recursion relations, the corresponding Wigner
coefficients (wc) satisfy recursion relations of a different type. By working out a
detailed example, we shall also show that the present solution to the state labelling
problem is not only interesting from a group theoretical viewpoint, but also quite
useful for practical purposes.

In § 2, we review the construction of SU(2) wc based upon U(1, 1), and in § 3, we
apply it to derive recursion relations. In §§ 4 and 5, the corresponding problems are
solved for SU(3). In § 6, we describe various procedures for orthonormalising the
SU(3) we. In § 7, we work out a detailed example. Finally, § 8 contains the conclusion.
Except when stated otherwise, the notations are the same as in L

2. SU(2) Wigner coefficients in terms of U(1, 1)

The purpose of the present section is to apply the results of I to construct SU(2)
coupled states, and thence SU(2) wc.
SU(2) coupled states are states classified according to the group chain

U(2)xU(2)>U((2) 2 U(1)

h h'* K M (2.1

where below each group we have indicated the labels characterising its irreps. Here
h, h’" and « are shorthand for [h0], [4'0] and [k, —k'], respectively, where A, h', k and
k' are non-negative integers, and w is an integer such that —k’'< u < k. Throughout
this paper, an asterisk on an irrep label is used to denote the contragredient irrep, i.e.,
if f=[fifs...f.], then f*=[—f,, ..., ~f», —fi], hence h'*=[0, —h']. According to
King’s branching rule (1970), given in equation (12.12), an irrep « is contained in the
product h x h'* provided that

h—k=h'-k'=h'=0. (2.2)

As is well known, there is no missing label w in the chain (2.1).
Following [, we now consider the complementary chain

UL, D> uU) xU(1)
[k; k'] h h' (2.3)

where below each group we have again indicated the labels characterising its irreps.
All the SU(2) coupled states corresponding to given irreps « and u of U(2) and U(1)
and to the various irreps £ X h'™* of U(2)x U(2) containing «, i.e. satisfying condition
(2.2), belong to a single infinite-dimensional irrep of U(1, 1), specified by [k; k'].
Hence, they can be written as

[k;k) h h'™*

h h K =[(hh™)ku) (2.4)

n
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where on the left-hand side we use the notation of equation (I13.15), and on the
right-hand side the simplified notation of the present paper. Their explicit form is
given by

[(hR™) k) = AP " (D7) (k™) e ) (2.5)
where

Ph\Xh\(D:z)=(DT:)h\ (2.6)
and

A=[(k+k'+ )[R U +k+K+1)1] V2 (2.7)

The latter can be obtained either by direct calculation or by using a coherent state
technique (Quesne 1987b). In the following, we shall not need the explicit form of
the states |(kk'*)xu), which could be deduced from equations (15.1)-(15.3). Such states
will be referred to as stretched ones, since they correspond to the stretched product
of the irreps k and k'*.

The SU(2) wc are the transformation coefficients between the states classified accord-
ing to the chains (2.1) and

U(2)x U2)o U(1) x U(1)

h h'* q q'*

where U(1)x U(1) is generated by the operators ?1, and 2?7, (cf equations (12.3) and
(12.7)). The states transforming under (2.8) can be written as

lhg, h*q™*) =[q!(h—q)'q'! (h' = g1 (01)* ()" (020" (=122) " ~10) (2.9)

where we have taken into account that n,,, n,» form a contravariant vector, whereas
m,1, M2 form a covariant one.

To compare the present construction of SU(2) wc with standard ones, let us rewrite
the chains (2.1), (2.3) and (2.8) in terms of unimodular groups as follows:

SU2)x SU((2)>SU((2)>UQ1)

(2.8)

J ) ! " (2.10)
SuU(1,1)>U(1)
; o (2.11)
sul(z)xsuﬂ(z):U(l)xU(ll)- (2.12)
J J m m

The generators of the SU(2) x SU(2) group are defined interms of ?}, and ?/,,s,t=1, 2,
by the relations

J+=2P1=nné0 J-=Py =€

Jo=HPL = Pyn) =10 € = b Je=Ph= by (2.13)
JE=Ph ="M J.(’)=%(V7,{1 - P3) =%(77:2§::‘ N2 a1)

while those of its U(1)x U(1), SU(2) and U(1) subgroups are j,, ji, J =j+j and J,,

respectively. On the other hand, the SU(1, 1) generators are

K.=D= Z LORYED K_=D,,= 2 &6,
s=1 s=1

(2.14)

K():%(EII+E33):% Z (‘77”5“‘?"1’)
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where K, generates the U(1) subgroup. Note that the operator

2
G =P, +Py=E, —Ey= Z (M1.€1e — M2sbas) (2.15)
s=1

which is the common first-order Casimir operator of U(2) and U(1, 1), commutes with
both sets of operators J., J_, J,, and K., K_, K,. Its eigenvalue is p =2(j —j"), while
those of K’=~-K,K_+ K, K,—1) and K, are K(K —1), where K=J+1 and Q=
j+j'+1, respectively. The quantum numbers specifying the irreps in equations (2.10)
and (2.12) are related to the labels in equations (2.1) and (2.8) as follows:

h=2j h'=2j' k=j-j+J K'=j—j+J 216
u=j-j+M  gq=jtm  g'=j-m.

In the SU(2) notation, the states (2.5) and (2.9) can be rewritten as
LiIMY=[(27+ DG+ = DG+ + T+ DTVAKD) T IM) (2.17)
and
Lim, j'my =[G +m)1( = m)(j +m)I( = m)] 2

X () ™ (012) T (020 T (= m22) T 0) (2.18)

where j=(j—j'+J)/2 and j'=(j'—j+J)/2. Hence all the coupled states with total
angular momentum J and projection M can be obtained from the stretched state
|j77JM), for which j+ j" = J, by successive applications of K, .

Equation (2.18) coincides with equation (3.30) of Schwinger (1965), except for the
fact that the realisation of K, (denoted %, by Schwinger) is different. One can actually
go from Schwinger’s analysis to the present one by the replacement of a’, a’, b}, b7
by 7115 M2, =722, M1, and a similar substitution for the annihilation operators. Such
a transformation, quite immaterial for SU(2), has however far-reaching consequences
when going to higher SU(n) groups. The extension of the present operators K., K_,
K, is indeed straightforward, whereas Schwinger’s ones %, %_, %, cannot be directly
generalised. Together with three additional operators #., #_, #,, also considered by
Schwinger, the latter indeed form the generators of an SU(1, 1) x SU(2) group, locally
isomorphic to SO*(4). Since SO*(4) is complementary with respect to USp(2) (Quesne
1985 and references quoted therein), Schwinger’s treatment depends on the local
isomorphism between USp(2) and SU(2), which cannot be extended to higher n values.

In the next section, we shall use the present construction of SU(2) wc to derive
some recursion relations.

3. Recursion relations for the SU(2) Wigner coefficients

It is well known that by considering the matrix elements of the SU(2) generators
Pi2=J. and P, =J_ between a coupled state and an uncoupled one, one finds two
recursion relations for the SU(2) wc (see e.g. Edmonds 1957):

f-(J, M)(jm, j'm’|IM)
=f.(j, m)(jm=1,j'm’

IM =D+ fo(j, m)(m, j'm £1|JM £1) (3.1)
where

fole,B)=[(aFB)axB+1)]"" (3.2)
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When used in conjunction with the orthogonality properties of wc and the Condon-
Shortley phase convention (1935), they lead to Racah’s formula (1942) for the SU(2) wc.

The complementary nature of the SU(2) coupled states (2.17) leads to another set
of recursion relations, which will be referred to as the complementary ones, as opposed
to the former set, referred to as the standard ones. The compliementary recursion
relations are obtained by considering the matrix elements (jm, j'm’|K.|jF3j F3 JM)
of the SU(1, 1) generators K, and K_ between a coupled state and an uncoupled one.
From equation (2.17) and the commutation relation

[K_,K.]=2K, (3.3)
we readily obtain
K. |jF3jF3IM)=[(j+j' ~T+3F DG+ +T+3F D)2 jIM).  (3.4)

On the other hand, the action of K, on the bra (jm, j'm’| can be easily determined
from equation (2.14) and the known action of n;, and ¢, on the states (2.18). The
resulting relations are

F.(j+j =T j+j+T+1)(jm,j'm'|IM)
=F.(j+mj—m)jFimF3,j' Fim' =1|JM)
—F.(j=mj+m)(jFim=y,j'Fim F1|IM) (3.5)
where
Fa,a)=[(a+3FD(a'+571)]"% (3.6)

Contrary to the standard relations, where j, j' and J are kept fixed, the complementary
ones are characterised by given values of j—j', J and M. They were obtained by
Bargmann (1962) by a generating function technique. However, the present derivation
clearly exhibits their group theoretical foundation.

The complementary recursion relations can be iterated in the same way as the
standard ones to give Racah’s formula. By solving the first relation, corresponding to
the upper signs in equation (3.5), we can indeed express (jm, j'm’'|JM) as a linear
combination of stretched wc (jm, j'm’'|JM), for which j=(j—j+J)/2 and j =
(j'—j+J)}/2 add to J. From the second relation, corresponding to the lower signs in
equation (3.5), the stretched wc can then be determined in terms of one of them,
namely (j M —j", j' j'|IMYor{j —j, j" M+ j|JM)accordingas M = j' —jor M <j'—}j.
Finally, the latter is obtained from the orthogonality properties of wc and the assump-
tion that stretched wc are positive. Since the latter is a consequence of the Condon-
Shortley phase convention, the phase choices made for the coupled and uncoupled
states in equations (2.17) and (2.18) are consistent with such a convention.

An interesting property of the complementary recursion relations is that they reveal
the existence of those Regge symmetries (1958) which remain hidden when considering
only the standard recursion relations. From the latter, only the twelve Regge symmetries

resulting from the six permutations of the columns and the interchange of the first two
rows of the Regge array

Jjtm J+m  J-M
j—m Jj-m J+M (3.7)
~j+j+Jd j=j+d j+j—=J
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are obvious. It is however clear that the wc (jm, j'm’/|JM) and G(j+j +M)3(j—j'+
m-m'), \(j+j—=M)¥j—j —m+m')|Jj—j) satisfy the same complementary recur-
sion relations. Hence they can only differ by a coefficient dependent on j~j', J and
M (and independent of j+j and m —m’). From the wc orthogonality properties, it
results that such a coefficient must reduce to a phase factor. For j+j'=J, both wc
are stretched ones which are positive, so that the phase factor is actually equal to one.
We conclude that

(jm, j'm'|IM)

=GQUHI M) =jtm=m) 3+ = M) =) =m+m)|Jj= )
(3.8)

proving the symmetry of the wc under transposition of the Regge array (3.7). By
combining the latter with the symmetries under permutations of the columns, we obtain
the six symmetries under permutations of the rows, and thence the full 72-element
symmetry group first encountered by Regge.

Before generalising the present analysis to SU(3) in §§ 4 and 5, it is worth noting
that the second complementary recursion relation, corresponding to the lower signs
in equation (3.5), has not been used in its full generality, but only to calculate stretched
wc. For such a purpose, only the action of K_ on stretched states is needed, namely

K_|jjIM)=0 whenever j + ;' = J. (3.9)

This relation directly results from the coupled state definition (2.17) and does not
make use of equation (3.3).

4. SU(3) Wigner coefficients in terms of U(2,2)

SU(3) coupled states are states classified according to either the group chain

U@B3) xU3)=U(@3)=U(2)=2U((1)

h B K A=A% (4.1)

or

U(2,2)2U(2)yx U(2) 2 U(1) x U(1).
(k; k'] A b’ f !

Here h=[hh,0] and h'=[h{h30] for U(3), h=[h,h,] and h'=[h{h}] for U(2), k=
[k, ky— k5 —ki] and [k; k') =[k.k,; kik3], where h,=h,=0, h|=hi=0, k,=k,=0,
ki=k>=0, and either k,=0 or k3 =0. In the latter case, for the U(2) subgroup irreps
we use the notation A =[A,A,] with A, = A, and A, =0, while in the former we employ
A =[-A% —A{] with A} =A% and A, =0. In the relations to be derived below , the A
notation is used throughout, thus implicitly assuming that k5 =0. Whenever k, =0, we
only have to replace A; and A, by —A% and —A| respectively.

According to King’s branching rule (1970), the multiplicity of « in A x h'* is equal
to the number of U(2) irreps h* =[hih;] such that h and A’ are respectively contained
in the products kx h* and k'x h°, where k =[k,k,] and k'=[k|k5]. From I, it follows
that the classification of states according to either chain (4.1) or (4.2) can be completed
by w=h’, where, since hj+hs=h +h,—k, —k,=h{+hi—k{—k}, there is only one

(4.2)
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independent label, as it should be. By using notations similar to those of equation
(2.4), such states can be written as

[k: k']  hh™*
hf;h hAK =ff"; (hh™)h’kAu)
M
= Ay [P" " (D)) x (k™) kA )]sl (4.3)

where A, is a normalisation constant,

3
Dy=Y moms  i=1,2,j=34 (4.4)
v=1

and the square bracket notation means that the U(2) x U(2) irreps kxk’ and h' X h'
are coupled to hx h'.

Since in any case the states (4.3) are not orthogonal with respect to h’, it is more
convenient to suppress the normalisation constant in their definition and to work with
the non-normalised states

s (hh )b kdp )y = [P" " (D7) x [(kk™ ) kA p) 177 (4.5)
whose detailed expression reads
L5 (hh™)h'kau) = 3 (Gl = ko) [ =3k, + k), 3(hi = h3)

Wmm’
m—3(h}+h3)[3(hy = hy) f=3(h + ha)G(ki = k5) 1= 3(k} + k3),
AT —h3) m'=3(hy+h)[(hi = h5) f'=3(h)+ k1))
X Phim (DD (kk™ ) kAp) (4.6)

where ( , | ) denotes an SU(2) wc. By using U(2) lowering operators {Nagel and
Moshinsky 1965}, the polynomials P'r;‘;:]l(D;), transforming under the irreps h’ x k'
and mxm’ of U(2)xU(2) and U(1) x U(1) respectively, are readily obtained from
equation (14.4) in the form

Poia (DY) =[(hy =m)!(m=h3)!(hi=m)(m ~h3)!]"

D1714) Z[V_h )' —V)'m’_l/) (h -m—- m+l/)] !
X(D—;z)lr——h:(D]T4)rn->l’(’D“’:3)ln*l‘(D;4)h;‘nl*n1"V’l' (47)
where
D:Z,M = Dinga - D?4D;3- (4.8)

The explicit expression of the stretched stated |/I'; (kk"*)xAu) will not be needed in
the following and will therefore not be given here. Those states (4.5) whose weight is
highest in U(2) x U(2) are simply denoted by

[(hh™ ) h kA d=|h hy; (hh™*) R kA, (4.9)
SU(3) uncoupled states are states classified according to the group chain

U3)xU3)=2U(2)xU(2)2U(1) x U(1)

h h'* q qr* r r/* (410)
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where ¢ =[q:9:], 9'=[9192], .= ¢:=0, q1=q>=0, r=0and r'=0. In analogy with
equation (4.3), they can be written in either notation

—  hh*
h k5 qq™ )=|ff"; hqgr, K" q"*r'™). (4.11)
fforr*

Whenever their weight is highest in the U(2) x U(2) subgroup of U(2,2) and in the
first U(3) group, and lowest in the second one, such states become

|h(max), h'"*(min))= |h,h{; h(max), h’*(min))
=[(hy—hy+ 1) (hy=h5+ 1)1 [(hy+ 1) hy (R, + 1) TRy Y2
X ()" "2 (112,12)"(131) " (= 034,12) "1 0) (4.12)
where
Nya2= M Mj2 = N2 M - (4.13)

The remaining uncoupled states can be obtained from equation (4.12) by standard

lowering and raising techniques (Nagel and Moshinsky 1965, Quesne 1986a). Their

detailed form will however not be needed in the derivation of the recursion relations.
The SU(3) wc are the scalar products of the states (4.6) with the states (4.11)

h h* K
g, g | A; R )=(hgr, K*q*r*|(hh’*Yh'kAp) (4.14)
ror* o

and are independent of f and f', which are therefore assumed maximal. As usual,
they factorise into an SU(2) wc and an SU(3) isoscalar factor or reduced Wigner
coefficient (Rwc) as follows:

h h* K
g.9% | r; R
r r’* M

=<%(‘I1 ~-q2) "_%(ql‘*"h),%(q’l -q5) _",+%(qll+‘13)|%()\| —A)p “%(M'f'/\z»

X <h s h">
q * q/* A * . (4'15)
In the next section, we shall derive the recursion relations satisfied by the SU(3) Rwc
h h'* _
<q T gt : : hs>=<hq, h™q"™, Au|(hh™)h*kAu) (4.16)

which are the overlaps of the SU(3) coupled states (4.9) with the SU(2) coupled ones
thg, h™*q™*, Au) =2 G(q:~ ¢2) r—3(q, + 92), 3(q1 — g3)

—r'+3q+ gD = Ay) w —3(A, + X)) hgr, R g™ r%) (4.17)

and are independent of u.
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5. Recursion relations for the SU(3) reduced Wigner coefficients
By considering the matrix elements of 2,5, ?,;, P;, and P;, between an SU(3) coupled

state and an SU(2) coupled one, one obtains the four standard recursion relations for
the SU(3) rwc (see e.g. Hecht 1965, Draayer and Akiyama 1973)7,

. /h h* K >
.hs
f(K,/\,)t)<q,q,* A\
. h h'* | «
=) U(g, A, 4§ 0;q A)f(h, ,')<_, , = h‘>
; g\ §,0;9X)f(hqq i ot |1
1%

- h
+SZU(q,/\*,17',0*;4',/\*)f(h',q’,f7')< . '-(; h’> (5.1)
7 q9 g A

corresponding to o =[10], A =[A,+1,A,],[A,, A2+ 1], and o =[0, =1}, A =[A, -1, A,],
[A), A, —1], respectively. In equation (5.1), the summations run over §=[q,%1, g,],
[9:,9:x1], and ¢’ ={g1F1, q5], [q}, g5F 1], where the upper signs correspond to

o ={10] and the lower ones to o =[0, —1]; the U coefficients are U(2) recoupling
coefficients, equivalent to SU(2) ones (Edmonds 1957) according to the relation

U(a, B’ ‘y’ 6; 8’ {)
= U= @2),3(81 = B2), v = ¥2), (8,1 = 82)s 121 — €2), 3L = £2))  (5.2)
the f coefficients are defined by

g:i(a, B) ifﬁi:[ﬂff’lsﬁz]
g:(a, B) ifg=[8,,B,+1]

I\ -1/2

fle, B,B)=(B,—B,+1) gl(a,é) ifﬁ:z[ﬁl"l,ﬁz] (5.3)

—-g:(a, B) if B=[B,B.—1]

where

gile, B)=[la; =B B ~a,+1)(B,~a;+2)]"? (5.4)
and

g:(a, B) =[(a; = Br+1)(a;—~ B2) (B2~ a5+ 1)]'°. (5.5)
Finally, € is a phase factor given by

g=(=1)Mr A2 (5.6)

Note that not only h, h"* and «, but also the additional label h°, are kept fixed. The
latter, characterising the transformation properties of the U(3) scalar polynomials
P % (Dj) under U(2) x U(2), cannot be changed by the SU(3) generators used to
derive the recursion relations.

The complementary recursion relations for the SU(3) rwc are obtained by consider-
ing the matrix elements of D,; and Dy, i=1,2, j=3,4, between an SU(3) coupled
state and an SU(2) coupled one. Only those of D, assume a simple form and will be
considered here in full generality. Following the discussion at the end of § 3, those

of D; are only needed in the stretched state case, to which we shall therefore restrict
ourselves.

T For the states classified according to U(3)>U(2)> U(1), we use the phase convention of Baird and
Biedenharn (1963) and Nagel and Moshinsky (1965), which differs from that of Hecht (1965).
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Let us begin with the calculation of the D}, matrix elements. Our starting point is
the set of two relations

P},',,:,’,’,(D;) — [P[””"[“’](D;) x PI;*xIT‘(DTI)]h‘xh‘ (5.7)

mxm'

where h*=[hh3] is either [h)—1, h3] or [h}, h3—1]. Here the U(2)x U(2) irreps
h* x h* and [10]x[10] are coupled to h* x h", and the components PL200T =1,
0, coincide with the D,; operators, as follows from equation (4.7). The proof of equation
(5.7) is by direct substitution of equation (4.7) for m=m'=hj.

By introducing equation (5.7) into the SU(3) coupled state definition (4.6) and by
changing the coupling order, we obtain the set of two relations

|(hh*)h'kaph =Y Uk, B°, h,[10); B, R YUK, i*, h', [10); &', B°)
hf

x [P[‘O]X[‘O](D;) x ](E}?*)E‘K)\I-L»]z?xhl;{ (58)

where A°=[h]—1, h3] or [k}, h3—1], the summations run over h =[h,h,]=[h,—1, h,],
[hy, hy=1], k' =[h;hi]=[h}~1, k3], [h;, h4—1], and in the square bracket the U(2) x
U(2) irreps h x i’ and [10] x [10] are coupled to h x h’. Equation (5.8) is the counterpart
of the relation corresponding to the upper signs in equation (3.4). When we take the
scalar product of both sides of equation (5.8) with an SU(2) coupled state and use
the completeness of the latter set, we obtain the recursion relations sought for:

h h'™*
< s ; h">
9 q° A
=3 Uk, Rk, b, [10]; h, RYU(K', h*, h',[10]; ', h°)
k
- _ K —
x Y F(hg, h'q’, q,h’q’,A)<_ . : h‘> (5.9)
% g gt la
corresponding to A* =[h}—1, h3] or [h}, h3—1]. Here §=[4§,4-), ¢ =[§;45] and
F(hq9 h,q,’ Eq_’ E’q/’ A)
=(hg, h'*q"*, A || P10 DLy hg, %G, A) (5.10)
is a reduced matrix element with respect to the U(2) x U(2) subgroup of U(2, 2).
The calculation of F(hq, h'q’, hg, h'q’, A), carried out in the appendix, is based
upon the Wigner-Eckart theorem for both SU(2) and SU(3) (see e.g. Edmonds 1957,
Hecht 1965). In the latter case, the only Rwc needed are the fundamental ones, which
are multiplicity free. Once normalised to unity, they are independent of the method
used in their derivation (except for a possible overall phase factor). Since only the
ratios of Rwc corresponding to the same SU(3) irreps enter our tormulae, the difference
in normalisation and overall phase, if any, is irrelevant. We have therefore taken their

explicit values from the work_of ?iedenharn and Louck (1968).
The result for F(hq, h'q’, hg, h'§’, A) can be written as

F(hq, h'q', hg, h'q',A\)=G(q,q', 4,4, \)H(hq, hg)H(h'q", h'g") (5.11)

in terms of two functions G(q,q', 4, §,A) and H(hg, hG). In tables 1 and 2, the
non-zero values of the latter are listed in terms of the increments

Ahn=ha_};a Ahixzhzx—’;/a qux:qu_qu

x

>

A

(5.12)
Agq.=4q,—4, a=1,2.
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Table 1. Non-zero values of the function G{g, g, §, §', A) in terms of the increments Ag,,
Ag,, Agy and Agh.

Ag, ag; Aqy Aqh Gl(g,9.4.9,A)

0 0 0 0 1

0 1 0 1 g, ~ g2+ A +2)(g, — g+ A+ DT?
0 1 1 0 —[(gy—qi = A+ g} —q, A )]}

I 0 0 1 —[(q;_QI+AI+1)(ql—q/l—AZ)]]/:

1 0 1 0 [(g) =g+ A, +1)(g)—gs+A,)]'7

Table 2. Non-zero values of the function H(h, g, h, ) in terms of the increments Ah,,
Ag,. Ah; and Ag;.

Ak,  Agq, Ah, Aq, H(hgq h§)

[(g,—ht 1)(h2‘42)]”2

[Chi—gq)(h — g, +1)]°

(g =kt 1)(h = g2+ 2)g,]"[(g, — g+ 1) g, — g+ 2] 7V°

[(h “qt)(hz_qz+])‘1211/2[(‘11"12+ 1)g,—g,+2)]" /2
[ =g+ Dh,—g2)(q, + 1] [(q — g2)(g, — g+ )] 717

(g =h)(h =g+ Vg, + 1]V [(q,— ) g — g2+ D]

e =)
—_—_—o o o O
R -
SR = =)

N

It follows that the recursion relations (5.9) may contain up to twenty terms. In most
cases of practical interest, however, only a few of them actually occur.
By iterating equation (5.9), any RwcC

<h h™* | k. h‘>
q’ g% | A’

can be obtained from the stretched rRwc

<k k™ K>
g qria
for which A®=[0] has been omitted since such rwc are multiplicity free.

Let us next consider the calculation of the D, matrix elements in the stretched
state case. Our starting point is the relation

D, |(kk™)kAu) =0 (5.13)

which is the counterpart of equation (3.9). By taking the scalar product of the Hermitian
conjugate of equation (5.13) with an SU(2) coupled state, and by using the completeness
of the latter set, we readily obtain

1%
Y F(kg, k'q’, kg, E’q’,A)<k : k,* ">=0. (5.14)
qq’ q9 4 q
Regardless of whether k, =0 or k=0, equation (5.14) represents a set of two relations,
each containing at most three terms. Whenever k% =0, for instance, for some fixed
values of § and g, the two relations correspond to kk’=[k,, k,—1][k;~1,0] and
[ki—1, k;][k; — 1, 0], respectively, while the summation runs over qq'=[§,41[§0],
[4:+1,4.][4,+1,0], and [§,, g+ 1][g1+1,0].
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From table 1, it follows that

G(q’ q,’ q—’ ql,,\)zc(q” q! q” Q’A‘*)' (5'15)

Hence for fixed h°, the coefficients in equations (5.9) and (5.14) remain invariant under
the substitution he h', g q', k » k*, A > A*. The rwc therefore satisfy the symmetry

relation
h h* | « . h'  h*
- ;o ) =0,
q9 4 A 9 49

which can be used to express the Rwc with k,=0 in terms of those with k;=0.
Consequently, we shall henceforth restrict ourselves to the latter.
The iteration of equation (5.14) is straightforward and leads to an expression of

<h k'* K>
g’ 9% 1A

<k k'* K>
AC[0] ] A/

By using the standard recursion relations (5.1), the latter can be obtained from the rwc

<k k'* K>__1
k>0 | K/

The complete result for the stretched Rwc with k5 =0 is

<k k™*
q’ q*

)\*;

K h‘> (5.16)

in terms of

K
A

>=(-—1)""*‘[(k,+1)!k2!k§!(k1—/\,)!(kl—/\2+1)!

X (ky= ) A+ K+ DA+ KD (g = k)T = g2) gy — o+ 1))

X[kt ki + 1)k kDA = k) Wk —g) (k= g+ 1)1 (ky— g2)!
X (ki=q)! (g =A)Hgi = A+ 1)1(g2—A) (g + 1)1gy ]2 (5.17)

Equation (5.17) provides us with the starting coefficients for the iteration of equation
(5.9). Except in low multiplicity cases, the latter is difficult, if not impossible, by an
algebraic procedure. However, equation (5.9) is well suited to numerical computation.
In this respect, it may be convenient to combine both recursion relations (5.1) and
(5.9). Whenever A is maximal, i.e. A = k, equation (5.9) generally contains only a few
terms and is therefore easily solved. Equation (5.1) can then be used to obtain the
RWC corresponding to lower A.

Before presenting a detailed example of the resolution of equation (5.9), in the
next section we shall review various procedures for orthonormalising the SU(3) rwc.

6. Orthonormal SU(3) reduced Wigner coefficients

The SU(3) coupled states (4.9) are not normalised to unity, nor are they orthogonal
with respect to h°. Hence the same is true for the corresponding Rwc. Orthonormal
SU(3) coupled states and rRwcC can be obtained in various ways.
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Following the Bargmann-Moshinsky procedure (1961) for defining orthonormal
basis states for the U(3) irreps in the chain U(3) = SO(3), we can search for a Hermitian
polynomial function X in the U(2, 2) generators which commutes with the U(2) x U(2)
generators. Provided that X is independent of the Casimir operators of U(2,2) and
U(2) x U(2), and that its eigenvalues are distinct, its eigenvectors may serve as orthonor-
mal basis states, characterised by the corresponding eigenvalues. A possible candidate
for X is the operator

X = g [D1j+2Ekka,j+2+DZj+ZEk+2,j+2Di,k+2]- (6.1)
ijk=1

In such a procedure, however, the interesting group theoretical meaning of the addi-
tional label h° is completely lost.

Other methods make use of the overlap matrix of the non-orthonormal basis
th (™, k) = ((RR™*)R° kA | (hh™* ) kA ). (6.2)

Such a matrix is obviously independent of the row Au of the U(3) irrep . It can be
calculated either directly from the Rwc determined in the previous section as follows:

h h™* | « ><h h* | « >
o (hy B k)= , ;B , ; h° 6.3
nh ( K) %<q q,* A q q,* A (6.3)
or from the recursion relation
twne(h, ™, k)= (hi+h3)™! (A(R", b h')=A(R*, b h)]

RRRR
xy(h’, h*, B YUk, B, b, [10]; B, R*) U (K", B, b, [101; b', h*)
U(k, h*, h,[10]; A, h*YU(K', b*, 0", [10]; B, h°),
X th—v',,;s(l?, h™, k) (6.4)

which was derived from a coherent state realisation of U(2,2) (Quesne 1987b)t. In
equation (6.4), the summations run over R =[hi, h5—1],[hi—=1, k3], i* =[h], h§ —1],
(h{—1,h31, h=[h,, h,=1], [h,—1, k), A =[h}, h5=1], [hi—1,h}], and the
coefficients A and vy are, respectively, defined by

AChS, by b’y =3[h,(h;+4)+ hy(hy+2) + hi(h\+4)+ hy(h5+2)

—hi(h1+3)—h3(h3+1)+9] (6.5)
and

y(h*, h*, h*, h*)=(B;Bs/ByBy)? (6.6)
where

(B ) =(hi=h3+ 1)[(hi+1)th31]7N (6.7)

Since equation (6.4) is easily solved either algebraically or numerically, by comparison
with equation (6.3) it provides us with a useful check of the values obtained for the rwc.

* The normalisation used by Quesne (1987b) differs from the current one, and so the former overlap matrix
has to be multiplied by (B, B,")”' to obtain the overlap matrix (6.2).
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Orthonormal SU(3) coupled states (distinguished from the non-orthonormal ones
through the use of a curly bracket instead of an angular one) may be defined by
(Deenen and Quesne 1984, Le Blanc and Rowe 1985, Quesne 1987b)

[(Rh™*)h'kAp} =Y [(hh™ YR kAt ¥ (b, b, i) (6.8)
=
where t”''7 is the inverse square root of the positive definite Hermitian matrix .
Alternatively, they may be obtained by a Gram-Schmidt orthonormalisation pro-
cedure similar to that applied by Vergados (1968), as well as by Draayer and Akiyama
(1973). For such a purpose, let us enumerate the labels h*¢’, ¢ =1,2,..., mu,~,, in
the order of increasing values of 43, i.e. h{'*’<h{***", Then the orthonormal SU(3)
coupled states are defined by

¢
(hh™*)oxAul= Y |(hh™)e'kAp)C, . (6.9)
¢'=1
where for simplicity we have substituted ¢ for h**®’
determined by the requirement

{(hh"™*)g'kAp |(hh'™*)grAp} =35, .. (6.10)

Since in most cases the overlap matrix (6.2) is close to a diagonal one, both
prescriptions (6.8) and (6.9) have the advantage of approximately preserving the
characterisation of states by h°. The second one leading to simpler algebraic results
in low-multiplicity cases will be used in the present paper. Hence we define the
orthonormal SU(3) rwc by the following relation:

<h h'*
g’ q”

It remains to fix the overall phase of the rwc. That of the non-orthonormal ones
(4.16) is completely determined by the choice of signs in equations (4.6) and (4.12).
The simplest and most natural way for fixing the phase of the orthonormal SU(3)
coupled states, and consequently of the orthonormal SU(3) rRwc, consists in defining
C.. as a real and positive constant. We shall therefore adopt such a convention. This
is different from the ordinary procedure, where a particular rwc is assigned to be
positive for each mode of coupling, i.e. each ¢. Inthe present case, the latter convention
could of course be introduced a posteriori.

By working out a detailed example, in the next section we shall show that in
low-multiplicity cases the resolution of the complementary recursion relations (5.9)
combined with the prescription (6.9) leads to useful algebraic formulae for the rwc.

, and the coefficients C ., are

K
A

; ‘P>:<hq, g™, A |(hh™)@rAp}. (6.11)

7. A detailed example

Let us calculate the RwC appearing in.the matrix elements of U(3) adjoint tensor
operators, i.e. those transforming under the U(3) irrep [1,0, —1]. It is well known that
such tensor operators are the first to exhibit a multiplicity problem, the irrep [h, h,0]
being contained twice in [h A 0]x[1,0,—1] whenever h,>h,>0. Baird and
Biedenharn (1964, 1965) solved this problem by defining two independent unit adjoint
operators, respectively characterised by (,%,) or p=2, and (, %.,) or p =1. The first is
proportional to the SU(3) generators, while the second is orthonormal to the latter.
We shall therefore compare their Rwc with the present ones.
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Since, in SU(3), the irreps [1,0, —1] and [0, —1, —2] are equivalent, we have to
consider the product of U(3) irreps [ h,h,0] %[0, —1, —2], containing [h, =1, h,—1, —1]
with multiplicity two if h, > h, > 0, and multiplicity one if either h, = h, >0 or h; > h, =
0. Hence, in the present case, h=[hh,], h'=[2,1], k=[h, =1, h,—1] or [h,—1,0],
and k'=[1,0] or [1, 1], according as h,>0 or h,=0. From King’s branching rule, we
find that A°=[1,1] or [2,0] if h,> h,>0, h*=[1,1] if hy=h,>0, and h*=[1,0] if
hy> h,=0. As explained at the end of § 5, we shall restrict ourseives to the case of
maximal A, i.e. A =[h,—1, h,— 1], where the complementary recursion relations (5.9)
assume a very simple form.

In the multiplicity-two case, there are four SU(2) coupled states, corresponding to
99" =[h,h,][0, 2], [ ho][-1, —1], [hyh,—1][0, —1] and [h,—1, h,][0, —1], respec-
tively, and hence eight Rwc need to be determined. For each of them, equation (5.9)
reduces to a single relation, associated with A° =[1, 0] and containing only four terms
(instead of the twenty it may comprise in general). As a result, the eight sought-for
RwcC are linear combinations of six Rwc

R h™ | «
q ? q—l* k! [1’0]

with
hgh™§™ =[h,, h;—1,0][h,, h,—11[0, 0, =21[0, —1], [h,, h,— 1, 0]
[h,—1, hy—1][0,0, —2][00], [h,, k=1, 0][ hy, hy—1]
x [0, -1, —=1][0, =11, [h, -1, h>, 0]
[h,—1, h,][0,0, =21[0, =11, [k, =1, hy, O][h, =1, h,—1][0, 0, —2][00]

and [h,~1, hy,0][h, =1, h,][0, 0, —1][0, —1], respectively. By now applying equation
(5.9) to the latter, we can express them in terms of the single stretched Rwc

< kK k* K>
k’[0] | k
equal to one. By combining both results, we obtain the analytical formulae given in
table 3. For completeness, we also give there the Rwc for the multiplicity-one cases.
Note that the results for h, = h,>0 can be obtained as a special case of those for
h, > h,>0.

From equation (6.3) and table 3, the overlap matrix t(h, h'* «)} of the non-
orthonormal basis becomes

< 2hyhy+3h, +5hy+6 —[3(h|—h2)(h1“h2+2)]1/2>

—[3Ch, = h))(h,—h,+2)]"? 2h.hy+h, +3h,

tlh h'* k)= ifh,>h,>0 (7.1)
(2(h;+1)(h+3)) ifhy=h,>0
(h,+3) if h,>h,=0.

As it should, it coincides with the solution of the recursion relation (6.4) obtained in
a previous work (Quesne 1987b).

The orthonormal SU(3) Rwc obtained from equations (6.9) and (6.11) are listed
in table 4. For comparison, those of Baird and Biedenharn (1965) are given in table
5 in the multiplicity-two case (see also Louck and Biedenharn 1970); in the multiplicity-
one cases, their Rwc of course coincide (except for the phase) with the Rwc of table 4.
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Table 3. The non-orthonormal SU(3) RWC

]

<[hlh20] fo,-1,-21 | {h,—1,hy—1,-11 h\>.

q -q* [h=~1,hy~1] 7
(a) hy>h,>0
he

q g™ (1] [20]
[hyh,] [0.-2; 0 [2(h + Dhy]?
[hihs] [-1,-1] —[2(h,+Dh,]"2 0
[hy, hy—1) [0, -1] [3Chy + D (hy = hy+2)/(hy = by + DIV =[(h + D)(h, = hy)/ (hy = hy+ D]/
(hi~1,h] [0,-1] [3hy(hy— hy)/ (hy ~ hy+ ]2 Uhy(hy = hy+2)/(h = hy+ 1)]'?
(b) hy=hy,>0

11]
[h1h1] [—l»"l] ‘[2h1(h1+1)]l/2
(A, hi—1] [0,-1] [6(h,+1)]"2
(c) hy>hy,=0

[10)
[4,0] [0,-2] 33k +2)]"?

{h,0] [-1,-1] -¥&)"?
[h-1,0] [0,-1] (P2

8. Conclusion

In the present paper, we have shown that the solution to the SU(n) external state
labelling problem proposed in I leads to two sets of recursion relations for the
SU(n) rwc: the standard and the complementary ones. As a matter of fact, the
demonstrations have been restricted to SU(2) and SU(3), but it is obvious that, at least
in principle, they could be extended to higher SU(n) groups. For SU(2), the comp-
lementary recursion relations coincide with some relations previously found by
Bargmann (1962), whereas, to the author’s knowledge, for SU(3)—and in general
SU(n)—they have not been encountered before.

Since both types of recursion relations result from the matrix elements of some
group generators—either U(n) itself, orits U(n -1, n — 1) complementary group—from
a group theoretical viewpoint they stand on an equal footing. This contrasts with other
solutions to the SU(n) external state labelling problem, also based upon recursion
relations different from the standard ones, such as the solutions proposed by Moshinsky
(1963) and Baird and Biedenharn (1964). In the SU(3) case, the former employs an
indirect method, wherein the rRwc are calculated from some auxiliary coefficients,
themselves obtained by solving some recursion relations (Brody et al 1965). For the
latter, Draayer and Akiyama (1973) devised a recursive computational procedure,
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Table 4. The orthonormal SU(3) RwC
<[h,h20] [0,-1,-2] | [A=1, hy=1,~1] >
, , s
q q* [hy =1, h—1]

in terms of A=[(h =hy+1)(2hhy+3h +5h,+6)]7Y2 and B=[2(h +3)(h,+2)
X(hl_hz+1)(2h,h2+3hl+5h2+6)]—l/2‘

(a) hy>h,>0
(4

q q™ 1 2
[h,hy] [0, -2] 0 (2h,hy+3h, +5hy+6)(h,—h,+1)'/?B
[h k3] [-1,-1] =[2(h,+ D)hy(h, —hy+1)]'/2A ~[3(h, = hy)(hy=hy+ 1)(h, - h,+2)]V?B
[hy, hy—1] [0, ~-1] [3(h,+1)(h, = hy,+2)]"2A ~(h,+4){2h,(h, ~ h,)]"B
[hy=1,h] [0,-1] [3hy(hy = h;)]2A (hy+3)[2(h,+1)(h,—h,+2)]"°B
(b) hy=h,>0

1
[hlhl] [_1,—1] _[hl/(hl+3)]‘/2
[Ay, By =11 [0,-1] [3/(h,+3)]V?
(¢) hy>hy=0

1
[A,0] [0, -2] A[3(h +2)/(h,+3)]?
[A,0] [-1,-1]1 ~3(A;/(h,+3)]*?

[h;—1,0] [0, -1] 3k, +3)] 2

Table 8. Baird and Biedenharn orthonormal SU(3) RwcC
<[h1h20] [0,-1,=2] | [h =1, hy=1,-1] >
g ' g (h-1,h-1] > 7

for hy>h,>0 in terms of A=3(h,—hy,+1)(hi—h hy+h3+3h)""? and B=1L(h, +3)
X (hy+ 2)(hy~ hy+ 1B} = h hy+ h3+3h,) 7V2,

p
q q* 2 1
[ he] (0,-2]  —[3(h = h)(h = hy+1) (hy+ hy+6)[(h + 1) hy(h — hy+ 1)]V?B
x(h,—h,+2)]"?A
[hihy) [-1,=1] (A +h)(h —h+1)'2A [3(h,+ Dhy(h, ~ h)(h ~hy+1)
x(h,-h,+2)]"?B
[hy,ho=1] [0,-1] ~[6hs(h, —h,+2)]/?A ~(2h, ~ hy+6)[2(h, + 1)(h, —h,)]'/*B

[m~1,h1 [0,-11 ~[6(h+1)(h ~h)]'"?A —(hy=2hy=3)[2hy(h, - hy +2)]'/B
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where the rwc are determined from parent ones by combining the characteristic null
space properties of the SU(3) rRwc (see e.g. Biedenharn et al 1985) with the knowledge
of the SU(3) generator matrix elements.

The greater simplicity and elegance of the present approach have been obtained
at the cost of the SU(3) coupled state and Rwc non-orthonormality. This however
cannot be regarded as a drawback of the theory since in other works, either orthonor-
malisation (Draayer and Akiyama 1973) or diagonalisation (Brody et al 1965) pro-
cedures are also required.

As has been shown for SU(3) in a detailed example, besides its interesting group
theoretical properties, the present solution to the SU(n) external state labelling problem
is also quite practical for numerical purposes. A simple algorithm, combining both
sets of recursion relations, has been outlined. Its basic ingredients are the stretched
RwcC. Hence it seems ideally suited to deal with the cases where some of the irreps
labels are very large. This is a situation where, even in the SU(2) case, some computa-
tional problems may arise. In the present construction, by acting with the complemen-
tary recursion relations, the large labels may be decreased until one arrives at a stretched
coupling. The validity of this observation remains of course to be checked in practical
cases. For such a purpose, one would have to develop a computer code based on the
algorithm proposed in this paper. Such a code would then provide an alternative to
the presently available one (Akiyama and Draayer 1973).

From a more fundamental viewpoint, the present work raises two interesting
questions we hope to answer in forthcoming publications. The first one is whether
there exists any relation between the Baird and Biedenharn solution (1964) and the
present one. Although tables 4 and 5 show that they lead to different sets of rwc,
some recent results on the SU(3) tensor operator structure (Biedenharn and Flath
1984, Bracken and MacGibbon 1984, Deenen and Quesne 1986) hint at possible
connections between both solutions. The second question is whether the generating
function techniques, devised by Schwinger (1965) and Bargmann (1962) to derive the
SU(2) wc properties, and later on extended to SU(3) by Resnikoff (1967) and Hage
Hassan (1983), can be exploited to deal with the SU(3) rRwc as defined in the present
paper.

Appendix. Calculation of F(hq, h'q’, hd, h'q’, A)

The purpose of this appendix is to find the explicit form of F(hgq, h'q’, hg, h'G', 1),
defined in equation (5.10).

By applying the Wigner-Eckart theorem with respect to the U(2) x U(2) subgroup
of U(2, 2), F can be written as

F(hq, h'q', kg, k'q', A) =(hg, h'q', \|PLSIN DY) kg, B'g', A)

x[(3(h, — h,) Ay~ i), 3 m -%i%(hl —hy) 3(h, = hy))

X (5(hy = h5) J(RT = h3), 5 m' =3 [3(hi = h}) 3§ — Ra)] ™ (A1)
in terms of two SU(2) wc and of the matrix element of P, Dj), where m = h, — h,
and m’= h] — h), between two SU(2) coupled states of highest weight with respect to

U(2) x U(2). The problem therefore amounts to determining the latter.
From equations (4.4) and (4.7), it follows that

PLEGIO(DY) = [ Tiei(m) x ULy M(m)F = V2A THEP(m) x URS P (m )Y (A2)
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where
TH (M) = 12y THIR(m) = 73> (A3
T%g%(m)=n2_m,3 m=1,0

and
Utaoi (m") = maeps URm") = =14 A®
U%g(:}]—l(m’)=774—m:1 m'=1,0

are the components of irreducible tensors with respect to the first or the second U(3)
group in the product U(3) x U(3), respectively. In equation (A2), the square bracket
denotes a coupling of U(2) irreps.

By combining equation (A2) with standard U(2) recoupling techniques, we obtain
the following result

(hg, h'q', A|PLIAN D)) Ag, B*§™*, A)
= 82484 (hg | TG0 (m) | Ag)(h"™* g™*|| UL /(") | i"™* g'*)
+l(gi— g5+ 1)/ (g1 — g2+ DIV*U(A%, ¢, ¢, [10}; 7', )
x (hq|| THO (m) [ Ag)XXh™ g ™*| URZ (m") [ A™*§) (AS)

in terms of a U(2) recoupling coefficient and of reduced matrix elements with respect
to the U(2) subgroup of U(3) < U(3) x U(3). The Wigner-Eckart theorem with respect
to U(3) enables to write the latter as

<hQHTErIOO](m)”h_q>=[(%(h_l"52)%(’;1—};2),%m_%|%(h1_h2)%(h1"hz)>]‘]
x[<h_ [100] h>(<h‘ [100] h>)"]
g’ o g/\\h "’ [10] | h

x (h(max)| T{io(m)|A(max)) (A6)

and
g UL m') ™)
=[G(hi = h3) =3(h = k), 3 —m'+3|5(hi = h3) —3(hi = )]~
y [<h‘* [00-1] ' h'*><<h"* [00—1] h’*>>"']
g*’ o* q™* h™* 2 [0-1] | m*
X (h"™(min)| Ute273L o (m")| ™ (min)) (A7)
where o is either [10] or [00].
By using equation (4.12), the matrix elements on the right-hand side of equations
(A6) and (A7) can be easily calculated and are
(h(max)| THE%(m)|A(max)) = (h*(min)| U{$>1L,,(m)| A*(min))
={ [(hy+ 1) (hy = hy)/(hy = by +1)]2 if h=[h~1,h,0],m=1
[hy(hy—hy+1)/(h,—hy+2)]? if h=[h,, h,—1,0],m=0.
(A8)
To obtain equation (5.11) and the results of tables 1 and 2, it only remains to

introduce equations (A5)-(A8) into equation (A1) and to replace the SU(2) coupling
and recoupling coeflicients, as well as the SU(3) rwc, by their explicit values.
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